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It is shown that the 5'pm(7)-invariant super Yang-Mills theory in eight dimensions, which 
relies on the existence of the Cayley invariant, permits the construction of a cohomological 
\ extension, which relies on the existence of the eight-dimensional analogue of the Pontryagin 

invariant arising from a quartic chiral primary operator. 
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1 Introduction 

Topological quantum field theory (TQFT) has attracted a lot of interest over the last years, 
both for its own sake and due to their connection with string theory (for a review, see, e.g., 
PP). Particularly interesting are TQFT's in D = 2 j2j, because of their connection with N = 2 
superconformal theories and with Calabi-Yau moduli spaces j3] . Considerable impact on physics 
and mathematics has had Witten's construction of topological Yang-Mills theory in D = 4 and 
the discovery of its relation with the Donaldson map, which relates the de Rham cohomology 
groups on four-manifolds with those on the moduli space of quaternionic instantons, as well as 
its relation to the topologically twisted super Yang-Mills theory 

Recently, the construction of cohomological gauge theories on manifolds of special holonomy 
in D > 4 have received considerable attention, too [SI [Z| - These theories, which arise without 
the necessity for a topological twist, acquire much of the characteristics of a TQFT. However, 
such theories are not fully topological, since they are only invariant under such metric variations 
which do not change the reduced holonomy structure. For D = 8 examples of cohomological 
gauge theories have been constructed for the cases when the holonomy group in SO(8) is either 
Spin(7) H)] (Joyce manifolds) or Spin(Q) ~ SU (4) [5] (Calabi-Yau four-folds) or Spin(5) ~ 
Sp(4) [H] (hyper-Kahler eight-folds). 

At present, the physical content of these theories has not been entirely revealed, especially, 
since they are not renormalizable. But, recent developments of string theory have renewed the 
interest in super Yang-Mills theories (SYM) in D > 4, particulary because of their crucial role 
in the study of D-branes and in the matrix approach to M-theory. It is widely believed that the 
low-energy effective world volume theory of D-branes obtains through dimensional reduction of 
N = 1, D = 10 SYM 0. Hence, the above mentioned cohomological theories in D = 8 provide 
effective field theories on the world volume of Euclidean Dirichlet 7-branes wrapping around 
manifolds of special holonomy. In order to improve their renormalizibility, counterterms are 
needed at high energies arising from string theory compactifications down to eight dimensions. 
Such terms were computed in ^0]. In it was argued that the complete string-corrected 
counterterms for the Spin (7) -invariant theory, whose construction relies on the existence of the 
Cayley invariant, should be still cohomological. 

In this paper we show — without going beyond the scope of a cohomological theory — that 
the Spin(7)-invariant theory, in fact, has a cohomological extension. It relies on the existence 
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of the eight -dimensional analogue of the Pontryagin invariant which arises from the primary 
operator Wo = |tr</> 4 . This extension, which in flat space is uniquely determined by the shift 
and vector supersymmetries, can be related to the one-loop string-corrected counterterms. 

The paper is organized as follows: In Sect. 2, we briefly describe the formulation of the 
£pm(7)— invariant Nt = 1, D = 8 SYM. By analyzing the structure of the observables it is 
argued that this theory permits the construction of a cohomological extension which relies on 
the existence of the eight-dimensional analogue of the Pontryagin invariant. In Sect. 3, by 
performing a dimensional reduction to D = 4, it is shown that the matter-independent part 
of the resulting half-twisted theory can be obtained from the operator Wo = \ tr 4> 2 by 
means of a relationship associated with the vector supersymmetry. In Sect. 4, by generalizing 
this relationship to D = 8, we give the cohomological extension of the S|p£n(7)— invariant theory 
in the Landau type gauge. Appendix A contains the Euclidean spinor conventions which are 
used. Appendix B lists the off-shell transformation rules for the matter-independent part of 
the half-twisted theory. Appendix C gives, in some detail, the derivation of the cohomological 
extension in the Feynman type gauge. 



2 Spin(7)— invariant, D = 8 Euclidean super Yang— Mills theory 

An eight-dimensional analogue of Donaldson- Witten theory on Spin{7) holonomy Joyce man- 
ifold, which localizes onto the moduli space of octonionic instantons, has been constructed in 
[B] . This theory, just as Donaldson- Witten theory on SU(2) holonomy hyper-Kahler two- 
fold, is topological without twisting. In fact, it is invariant under metric variations preserving 
the Spin{7) structure. In flat space the theory arises from the N = 2, D = 8 Euclidean SYM by 
reducing the SO(8) rotation invariance to Spin{7). This reduction has been explicitly carried 
out in ^3] (preserving hermiticity and imposing some extra constraints) and in [Tl] (relaxing 
the reality conditions on fermions without introducing extra constraints). Thereby, extensive 
use is made of the octonionic algebra together with their compatibility with Spin{7) invariance, 
generalized self-duality and chirality. 

The action of the Spin^)— invariant = 1, D = 8 Euclidean SYM is built up from the 10 
bosonic scalar and vector fields (f>, (j) and A a (a = 1, . . . , 8), respectively, and from the 16 fermionic 
scalar, vector and self-dual tensor fields i], ij) a and Xab = \&abcdX cd i respectively. & a bcd is the 
Spira(7)-invariant, completely antisymmetric self-dual Cayley tensor, & a bcd = ^g£abcdefgh& e h , 
with eabcdefgh being the Levi-Civita tensor in eight dimensions. All the fields take their values 
in the Lie algebra Lie{G) of some compact gauge group G. Adopting the notation of ^3] the 
Spiral-invariant action reads 

S = J d 8 xtr{le abcd F ab F cd - 2D a 4>D a <\> - 2 X ab D a ^ b + 2r,D a ^ a 

+ 2^ a M + \Hx ab , Xab} + 2<PHv} - 2[<j>, 0] 2 }, (1) 

where F a h = d\ a Au + [A a , Ab] and D a = d a + [A a , ■ ]. Here, the (unnormalized) projector [S] 

®abcd = Sacdbd ~ ^ad^bc + &abcd, l&abef&d ^ = @abcd, 

projects any antisymmetric second rank tensor onto its self-dual part 7 according to the decom- 
position 28 = 7 21 of the adjoint representation of SO (8) ~ SO{8) / Spin{7) ® Spin{7). It 
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satisfies the relations |14j 

\{®abeg® cd f 9 ~ ®abfg® cde 9 ) = — ®efac$bd + ®efadfoc + @efbc$ad ~ ©efbd$ac 

+ Qabce^df ~ @abde$cf ~ ©afec/^de + ®abdf^ce 
— @cdae$bf + Qcdbe^af + ®cdafO~be ~ @cdbf5 a e, 

U®abeg@ cdf 9 + ®abfg® cde 9 ) = ©abcA/, (2) 

enclosing all the properties of the structure constants entering the octonionic algebra |15j . 

On-shell, upon using the equation of motion for x ab , the action Q can be recast into the 
Q-exact form, S = Q^, where the gauge fermion 

= J E d 8 x tr[x a \F ab - ±9 abcd F cd ) - 2^ a D a 4> - 2[ V , (3) 

is uniquely fixed by requiring its invariance under vector supersymmetry, Q a ^ = 0. 

The full set of supersymmetry transformations, generated by the supercharges Q, Q a and 
Qab = \^abcdQ cd , which leave the action ((J) invariant, are given by [Tl| . 

QA a = tp a , Qtpa = D a (f>, 

Q<p = 0, Q4> = 7], 

QV=[4>,4>], QXab = l&abcdF Cd , (4) 

Q a A b = 5 ab 7] + Xab, Qa^b = Fab ~ J@abcdF Cd + 5 ab [(t), <j>], 



4 

Qa<t> = Ipa, Qa4> = 0, 



QaV = F> a (j>, QaXcd = @abcdD b (j) (5) 



and 



QabA c = -Qabcd1p d , Qablpc = @abcdF> d (fi, 

Q ab (f) = 0, Q ab (j) = Xab, 

QabV = -\®abcdF Cd , QabXcd = abegQ cdf 9 F^ + & abcd $, <j)}. (6) 

The on-shell algebra of the supercharges Q, Q a and Q ab reads 

{Q,Q} = -28 G (ct>), {Q,Q a } = d a + 5 G (A a ), {Q a , Q b } = -26 ab S G (4>), 

{Qab, Q} = 0, {Qab, Qc} = Qabcd(d d + 5 G (A d )), {Q ab , Q cd } = -2Q abcd 5 G {4>) , (7) 

where 5 G (<p) denotes a gauge transformation with field-dependent parameter ip = (A a ,4>,(j)), 
being defined by 5 G ((p)A a = —D a ip and 5 G (ip)X = [ip, X] for all the other fields. (The symbol 
= means that the corresponding relation is fulfilled only on-shell.) 

The crucial hint, supporting our claim that Q allows for a cohomological extension, comes 
from the structure of the topological observables. Namely, in terms of differential forms, the 
method of descent equation implies, starting from the primary operator Wq = ^tr^ 2 , the 
following ladder of fc-forms Wj~ (4 < k < 8) with ghost number 8 — k E], 

W 4 = $ Atr(±0 2 ), 

W 5 = $ Atr (ifxp), 

W 6 = $ A tr (F(j> + \ip A ip), 

W 7 = $ A tr (F A ip + ip A ip), 

W 8 = $ Atr (|F AF), (8) 
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with ip = ip a e a , F = \F ab e a A e b and = ^<& a bcd e a A e b A e c A e d (e a = e^dx^, where e^ a is 
the 8-bein on the Spm(7)-holonomy Joyce manifold Ai endowed with metric g^y). The trace 
is taken in Lie{G). These fc-forms obey the following decent equations, 

= QW 4 , dW k = QWh+i, 4 < k < 7, dW 8 = 0, 

which are typical for any cohomological gauge theory. 

Hence, if 7 is a fc-dimensional homology cycle on A4 then the integrated descendants 4(7) = 
J^Wk (4 < k < 7) and J 8 = f M W 8 are Q-invariant, Q4( 7 ) = ^ QW k = J^dW^i = 0. 
They depend, up to a Q-exact term, only upon the homology class of 7, i.e., when adding to 
7 a boundary term da, then 4 (7) remains unaltered, modulo a Q-exact term, 4(7 + da) = 
I 1+da Wk = 4(7) + ! a dW k = 4(7) + f a QW k+1 = 4(7). Here, the integrated descendant I 8 
is the Cayley invariant, being invariant under a certain class of metric variations which do not 
change the reduced Spin(7) structure. 

By means of the same method, starting from the primary operator Wq = jtrp 4 , one can 
derive the following ladder of &:-forms Wk (0 < k < 8) with ghost number 8 — k, 3 



w 


= tr (s) 


(|A 


Wi 


= tr (s) 




w 2 


= tr (s) 


(Ftf + ^A^ 2 ), 


w 3 


= tr (s) 


(F Aipp 2 + ip Aip Aip), 


w 4 


= tr (s) 


(IF A F(f> 2 + F Aip Aip<p+\ip Aip Aip Aip) 


w 5 


= tr (s) 


(IF AF Aip(j) + F Aip Aip Aip), 


w 6 


= tr (s) 


(F A F A F(p + \F A F A tp A ip), 


w 7 


= tr (s) 


(F AF AF A ip), 


w 8 


= tr (s) 


(jF A F A F A F), 



which obey similar descendant equations as before. Again, we observe that the integrated de- 
scendant I 8 = j M Ws yields a topological invariant which is now unchanged under arbitrary 
metric variations and which may be regarded as the eight-dimensional analogue of the Pontrya- 
gin invariant. This suggests that the S*pm(7)~invariant theory permits, in fact, a cohomological 
extension, 5 ex t = Q^ext; which possibly should be constructed by the help of the primary 
operator Wo = | tr (p 4 and with \P ex t being uniquely fixed by the requirement under vector 
supersymmetry, Qa^ext = 0. 

3 Dimensional reduction to four dimensions 

In order to get an idea how such an extension S ex t could be constructed with the help of the 
primary operator Wo = |tr0 4 , we look at the matter-independent part of the topologically 
half-twisted theory which, similarly to Ref. [I2|, is obtained by reducing to four dimensions 
the Spm(7)-invariant theory. To this end, for 1 < a, b < 4, we group the components of A a , 
•pa and Xab i n to a vector isosinglet A a, a vector isosinglet tpA and a self-dual tensor isosinglet 
XAB = \(-ABCDX CD (A,B = 1,2,3,4), respectively, and for 5 < a, b < 8, into a left-handed 
two-spinor isodoublet G a l , a left-handed isodoublet X a % and a right-handed isodoublet <7* 
(i = 1,2), respectively (for the two-spinor conventions, see, Appendix A). The index i is raised 
and lowered as follows: e*"Vj = V 9 * an d (f l £ij = <Pj, where ey is the invariant tensor of the group 
SU(2), e 12 = ei2 = 1. 

3 In order to condense the notation, we introduced a symmetrized trace, tr( s ), which is defined in Appendix C. 
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Then, for that action of the half-twisted theory one gets, according to the prediction [3], 
Sred = So + I #x\ X [\D A G* i D A G a i + \[G a G^jUGj, Gj] - 2[G a i , $[[G a \ 0] 

J E 

+ 2^{A a ,, \J} + 2<t>{( &i , C«} - ix AB (^) Q/3 [G Q \ A#] 
- 2iC (a^Z^ + 2iC di ((7 A ) di9 [G^ i , Va] + 2»j[G a i , A Q 4 ]}, (10) 
where the matter-independent part So is just the Donaldson- Witten action [1], 

So = f E d 4 xti[lQ ABCD F AB FcD ~ 2D A 0D A <P - 2 X AB D A ^ B + 2r ] D A ^ A 

+ 2^ A , Va} + ^{x^, XAB} + 2tf,{ V , r?} - 2[0, 0] 2 }. (11) 

Hence, the result of compactifying the Spin(7)— invariant theory Q to four dimensions gives 
the Donaldson-Witten theory with matter in the adjoint representation. On the other hand, 
Donaldson-Witten theory with matter, after some rearrangements of the spinor fields, so that 
-S'red becomes real, gets unified in eight dimensions (the resulting theory is very similar to the 
non-Abelian version of the Seiberg- Witten monopole theory). 
The (unnormalized) projector 

©ABCD = $Ac5bD — 5ad5bC + tABCD, \QaBEF&CD EF = &ABCD, (12) 

projects any antisymmetric second rank tensor onto its self-dual part 3 according to the decom- 
position 6 = 3 © 3 of the adjoint representation of £0(4) ~ Spin(3) ® Spin{2>). It obeys the 
relations 

\{®ABEG®CDF G ~ ®ABFG®CDE G ) = ®EFAC$BD ~ ®EFAD$BC 

— @EFBC$AD + ®EFBD$AC 
= &ABCE&DF — ®ABDE&CF 

— ®ABCF$DE + &ABDF&CE, 
\{®ABEG®CDF G + ®ABFG®CDE G ) = ® ABCD&EF i (13) 

with e A BCD being the Levi-Civita tensor in four dimensions. 

Furthermore, for the dimensionally reduced transformation rules, generated by Q, Q A and 
Qab = ^abcdQ CD , from ©-© one gets 

QA A = ip A , 
Qtp A = D A (j>, 
Q(f> = 0, 

Q4> = v, 

Qrj = [4>,4>], 

Qxab = \®abcdF cd + \{a AB )^[G a \G^\, 
QG a l = X Q l , 
Q\J = [GjAl 

= \i(o A )^D A G?\ (14) 
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QaAb = 5abV + XAB, 

QaiPb = F AB - \®abcdF cd + 5 AB [^ 4>] - \{<TAB) aP [G a \ G m 



and 



Qa4> = ?Pa, 
Qa4> = 0, 
Qav = Da4>, 

QaXCD = <8>ABCDD B (i>, 

Qag: = i(<TA) aP C $l , 

QA^a = \DAG a % - l(aAB)a/3D B G^\ 

QACa i = iMl3a[G Pi ,$\, (15) 

QabA C = -®ABCD^ D , 
QABlpC = &ABCDD D (j), 

Qab<P = o, 

Qab4> = XAB, 

QabV = -\QabcdF cd - \{a AB ) aP [G a l ,G^ 

QABXCD = \®ABEG®CDF G F EF + e ABC D$,</>] + l^ABT^CDf^Gj^pi], 

QabG^ = {(tab)^^! 31 , 

QabXJ = -{°AB)ai3[GP\4>], 

QabC = \i(cr c )^@ABCDD D G l3 \ (16) 

Notice that by introducing an auxiliary field Bab = \cabcdB the matter-independent part 
of (|14 |) - (|16|) can be closed off-shell (see, Appendix B). 

The crucial point is that, on-shell, the matter-independent part Sq can be obtained from the 
operator Wo = ^trcj) 2 as follows, 

So = S t 4 op - ^ abcd Q a QbQcQd [ afx \ tr <f> 2 = Q* , (17) 

J E 

Sg = f E d*xtr{\e ABCD FABFc D } (18) 

is the four-dimensional Pontryagin invariant. Moreover, on-shell, the gauge fermion can be 
obtained from the prepotential Vq = \ tr (f> 2 according to 

*o = iQ A B QB C Qc A I d 4 x±trj 2 . (19) 
Je 

On the other hand, the topological observables of the Donaldson- Witten theory can also be 
obtained from Wq by means of the following ladder of A: -forms Wk (0 < h < 4) with ghost 
number 4 — k @] , 

W = tv(^ 2 ), 

Wi=tr(^), 

W 2 = tr (F0 + ±V> AVO, 

W 3 = tr(F A V + ^ A-0), 

W4 = tr (r^F A F). (20) 



where 
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Hence, because © is just the eight-dimensional analogue of (|2Uj) the cohomological extension 
5 cx t of the action (J2) should be precisely the eight-dimensional extension of (|T7j) - H19|) . 

4 Cohomological extension »Sext in the Landau type gauge 

As anticipated, for the cohomological extension S ex t we are looking for we make the following 
ansatz 

S ext = - ^e abcde ^Q a Q b Q c Q d Q e Q fQg Q h [ d 8 x \ tr 4 = Q* ext , (21) 

JE 

with 

*cxt = &Q a b Qb C Qc d Qd e Qe f Qf 9 Qg a J d 8 x\tl^, (22) 

where 

5g = J d 8 x tr{ ±e abcde ^ h F ab F cd F ef F gh } (23) 

is the eight -dimensional analogue of the Pontryagin invariant. 

Let us briefly comment on the possibilities to determine Vtext either from (|21[) or from (122(1 . 
The most favorable way seems to be to construct S ex t by means of Q and Q ab (and not by 
means of Q a ) because then ^ cx t can be obtained directly from the prepotential Vq = |tr^ 4 . 
However, despite the fact that the transformation rules (JI}-© look very similar to those of the 
matter-independent part of (|14j l — pfij ) . it is impossible to close the latter off-shell with a finite 
number of auxiliary fields. Apart from the general arguments given in [T2|, this may be traced 
back to the fact that in the former case there are fewer algebraic identities among the Spin(7) 
projection operator @ a bcd than for the Spin(3) projection operator @abcd in the latter case 
(c.f., Eq. © with Eq. fig) ). 

More precisely, we were able to find an off-shell realization only for the subset Q, Q ab (see, 
Appendix C), but not for the subset Q, Q a . For that reason, we do not further pursue the 
possibility to determine \& e xt by means of (|22|). Hence, for our purpose only the relationship 
(|21j) is really eligible — after recasting it into an Q-exact form. However, proceeding in that 
less ideal way one is confronted with the tricky problem to verify the Q-exactness of (|21[l and, 
therefore, the exposition of ^ e xt becomes very complex (see, Appendix C). 

Obviously, when evaluating (|21jl in the Feynman type gauge one gets a huge number of terms 
belonging to the non-minimal sector which, however, are of no particular interest. Therefore, 
focusing only on terms belonging to minimal sector, we shall restrict ourselves to the Landau 
type gauge. In that gauge the action (JJ) simplifies as follows: 

S' = Qq>', & = J d 8 x tr[ X ab F ab - 2t/> a D a 4>} , (24) 

where the first term of ^f 1 enforces the localization into the moduli space whereas the second 
term ensures that pure gauge degrees of freedom are projected out. One easily verifies that 
is invariant under the vector supersymmetry Q' a (in the Landau type gauge) 

Q' a A b = 0, Q'J = 0, 

Q'J> = V'a, Q'aV = D a4>, 

Q'a^Pb = F ab , Q' aX cd = ®abcdD b 4>. (25) 

For the cohomological extension S' ext of (|24|). whose computation is postponed to Appendix C, 
one obtains 

S' ext = Q< x t, *cxt = a/ ^xtr^j^V^^^ (26) 
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a being an arbitrary constant. ^g Xt is invariant under the vector supersymmetry (|25|) as well. 
In order to check this crucial property one needs the following identities: 

1 abcdefghft _ foabcdre cf _ fibcdlej] ea , lg,cd[ef sra] <-b 

2 t Vmngh ~ * °[m°n} * "[m "] + 2* °[m°n\ 

_ l$d[efasjb] <- c ±^[efab rc] ra! J_ $ [a6cd re r/J 

1 abcdefghff, _ J_^[abcd re] 

gt ^mfgh — 24 "mi 

l_ e abcdefgh$ efgh = $abcd ? ^ 

where the last one expresses the self-duality of ^ed- 
it is amusing to see that, in the Landau type gauge, the extension of VP' into \&g Xt is rather 
simple. Namely, it obtains either by performing in (|24|) the replacements 

$abe f F ab <S>abefF ab + a <S> abcd F [ab F cd F ef] , 
D e ^e £> e ^e + 6a $[ abcrf D e ] (ij e F ab F cd + F ab ^ e F cd + F ab F cd ^ e ), 

or, equivalently, by changing (formally) in the same manner the self-duality gauge condition 
<&abefF ab = and the ghost gauge condition D e if; e = 0. 

Summarizing, we have shown that the Spin(7)-invariant super Yang-Mills theory, which 
relies on the existence of the Cayley invariant, permits the construction of a cohomological 
extension by the help of the operator Wo = |tr(/> 4 , which relies on the existence of the eight- 
dimensional analogue of the Pontryagin invariant. 

With regard to this, a couple of interesting questions is left still open deserving a further 
study. So far, the Spm (7)-invariant theory was considered in flat space only. But, according 
to Berger's classification |17j a metric with Spin(7) holonomy on the simply connected eight- 
dimensional Riemannian manifold Ai with Euclidean signature admits a covariantly-constant 
spinor £. If such £ exists, the metric is automatically Ricci-flat. In addition, such metric has 
the S'pin(7)-invariant closed Cayley four-form $ (for a given choice of the orientation of M). 
Conversely, if $ with respect to a metric on M is closed, then the metric has Spin(7) holonomy. 
Hence, the action (j24j) and its extension (|26[) can be considered on a curved manifold A4 with 
Spin(7) holonomy. 

As is widely believed, super Yang-Mills theory in eight dimensions may arise as low-energy 
effective world volume theory on a Euclidean 7-brane in Type IIB string theory [§]. Thus, as 
it was pointed out in [H], the Spin (7) -invariant theory in curved space can be considered as a 
theory being obtained by wrapping an Euclidean 7-brane of Type IIB string theory around a 
manifold with Spin(7) holonomy. However, such a theory is not renormalizable and, therefore, 
extra degrees of freedom are needed at high energies. It seems to be natural to assume that 
such extra degrees of freedom are given by the counterterms arising from string theory after 
compactification to eight dimensions. In another context, in jllj some arguments were given 
that all the string-corrected eight-dimensional counterterms are still Q-exact. So, one may 
ask whether in the Landau type gauge the cohomological extension (|26|) in curved space differs 
from the string-corrected one-loop counterterm (identifying a with the string tension) only by 
replacing the Levi-Civity tensor e abcde f g h through a certain S'0(8)-invariant tensor i a 6c<fe/g/i(0 2 ) 
involving the operator Wo = ^ti(j) 2 (see, e.g., ^E])- Another question is whether, in a similar 
way, a cohomological extension can be constructed from the operator Wo = |tr0 6 , too, which 
should be related to the string-corrected two-loop counterterms, and so on. 



The square bracket antisymmetrization is iteratively defined as 

[ab] = ab — ba, [abc] — a[bc] + b[ca] + c[ab], [abed] = a[bcd] — b[cda] + c[dab] — d[abc], etc. 
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Appendix A 

The Euclidean two-spinor conventions adopted in this paper are similar to those of Ref. |19j . 
Appendix E. The numerically invariant tensors (oa) q ^ and (cr A )ap are the Clebsch-Cordon 
coefficients relating the (^, ^) representation of SL(2, C) to the vector representation of 50(4), 

(a A ) a$ = (ia^ia^ia^h), (a A ) a$ := e a ^(a A )^ = (** A ) a p, 

(<7A)d,s and (a A ) a/3 being the corresponding complex conjugate coefficients. Thereby, a\, 02 > 03 
are the Pauli matrices, which satisfy the Clifford algebra 



(vaTHvb)^ + M a H°Ahf3 = 25 AB 6 a p , 

i 



and, in addition, the completeness relations, 

{cr A )ap{cr B f & = 25 A B , {a A U{<7 A V S = 2S & %\ 

(*A)ap(<T A )j S = le^efts, (a A ) al3 (a A y* = 2e a V M . 

The spinor index a (analogously a) is raised and lowered by e Q7 <^ 7 ^ = ip al3 and c^ a 7 e 7/ 3 = ip a /3, 
where e a p (analogously e & g) is the invariant tensor of the group SU (2), £12 = e 12 = ej 2 = g12 = 1- 
The selfdual and anti-selfdual SO (4) generators, ((tab) a/3 an d (a^)^, and the various 
Clebsch-Gordon coefficients are related by the properties 

(<taTH*b)^ = (a AB ) aP ~ 6ABe af) , 

(o"c) a ^(o"As) 7 /3 = {$AcSbD - SbcSad - £ABCD){<T D ) al3 , 

{?CD)°^{aAB)j = ($AC$BD ~ $BC$AD ~ ZABGD)^ ~ 5[C[a{°~B}D] , 
(aA)aj(vB) 1 = (<7AB) & p + SabC^, 

(cc*) a 7 (cab) 7 p = {5ac5bd - SbcSad + ^abcd)^ )^, 

{o~CD)a-y{o~AB) 1 p = (8aC$BD ~ ^BC^AD + ^ABCD)^a/3 ~ S[C[a(. cf B]D]) a/3 ■ 

Finally, some often used identities are 

{vA B ) & p((T B )iS = -2{a A )aSep i - e^(a A )iS, {<? AB ) 6l p(< J AB)^ = 8e^e^ - 4e^e^, 
(&AB)ai3(v B ) 1 $ = 2 (°"A) Q ,5e/3 7 + € a p(a A )^, (<T AB )ap(^AB)j8 = 8e aj eps - 4e a/3 e 7< 5. 

Appendix B 

In this Appendix we give the off-shell transformation rules of the matter-independent part of 

G3HI5), 

QA A = rpA, 
QtpA = D A (j), 
Qcf> = 0, 

Q4> = 

Qv = [4>,4>], 

Qxab = B A b, 

QB A b = [xabA], (B.l) 
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QaA-b = SabV + XAB, 

Qa^b = F A b - B A b + ^ab[4>, 4>], 

Qa4> = ipA, 

Qa^ = 0, 

Qav = D A 4>, 

QaXcd = @abcdD b 4>, 

QaBcd = Daxcd - &abcd([^ b , 4>] + D B rj) (B.2) 



QabAq = -@ABCDlp , 
QABlpC = <3>ABCDD D (j), 

Qab4> = 0, 

Qab4> = XAB, 

QabV = -B A b, 

QabXcd = —®abc E ( f de — \Bde) 

+ ®ABD E (FCE - \B CE ) + QaBCD&A], 

QabBcd = <8>abc E ( d Id4>e] - \{xde,4>)) 

- ®ABD E {D [C ^E] - l[XCE,4>}) - &ABOD[V,4>}, (B.3) 

where the operator Qabcd was introduced in Eq. (|12|) , 



Appendix C 

In this Appendix we prove the off-shell Q-exactness of the cohomological extension (|21|) and 
we show that, by choosing the Landau type gauge, one exactly reproduces the expression l(2f)]) 
for the gauge fermion ^f' ext - 

As already emphasized in the Sect. 4, we are forced to start with the complicated expression 

•Sext = S t 8 op - h abcdefgh Q*QbQcQdQeQ f Q 9 Qh f d 8 x \ tr 4>\ (C.l) 

J E 

where is the eight-dimensional topological invariant (|2.3j) . Namely, we found only the off- 
shell extension of the scalar and vector supersymmetry transformations © and Q, 

QA a = 1p a , Qlp a = D a (p, 

Q4> = 0, Q4> = v, 

Qi] = [4>,4>], Qxab = B ab , 

QB ab = [ Xab ,cp], (C.2) 



and 



'5 V I 7 



Q a A h = 5 ab rj + Xab, Qai>b = F ab - B ab + 5 ab [ 

Qa4> = tpa, Qa4> = 0, 

QaV = D a 4>, QaXcd = QabcdD b (p, 

Q a B cd = D a Xcd - ®abcd(Vl> b , 4>] + D b V ), (C.3) 
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where B ab = ^<fr abcd B cd is the anti-field of Xab- One simply verifies that Q and Q a satisfy the 
following super algebra off-shell, 

{Q,Q} = -26 G (<f>), {Q,Q a } = d a + 5 G (A a ), {Q a ,Q b } = -2S ab 5 G ($). (C.4) 

In order to recast (C.l) into the Q-exact form S ext = Q^cxt it is convenient to exploit only 
the algebraic relations (C.4) among Q and Q a , but not their explicit realizations (C.2) and (C.3). 
Otherwise, owing to the increasing number of terms which arise by evaluating (C.l), it is nearly 
impossible to determine ^ e xt explicitly. 

To begin with, by repeated application of Q a on the primary operator Wq = \ tr </> 4 we 
decompose (C.l) into a form where the different operators Q a act only on the scalar field (f>. 
After straightforward calculations one obtains 

Sext = S t 8 op " ±e abcde ^ h f d 8 X tr (s) UabcdefghCj) 3 + H abode fg^ + ^ 'abode f*P gh<p 2 (C.5) 
+ 5§i>abcde}ll>gi>h<t> + abcde^ f gh4> 2 + I68lp abcde 1p fg 1p h (l) + 336^ abcde ^flpg^ h 
+ ^abcd^efgh'f + ZStyabcdAfg^hfi + ^^abcd^ef^gh<t> + 8A0lp a bcd^ef^g^h 

+ 2m^ abc ip de fip gh <j) + 560ip abc 7p def 7pgip h + I6807p abc 7p de 7pfgip h + 630^6 ^cd^ef^gh } , 

where 

Ipa = Qa<P, 4>ab = Qa^Pb, Ipabc = Qa^Pbc, etc., (C.6) 

and where, for the sake simplicity, we have introduced a symmetrized trace, tr/ s ) . It is defined 
as follows: First, for every monomial X1X2X3X4 in the integrand of (C.5) which, due to its 
origin from 4 , always consists of exactly 4 factors, we consider all those graded permutations 
(with repetitions) of the various factors Xi = (<^>, ip a , ip ab , . . .) which do not correspond to an 
antisymmetrization of their space indices; owing to the presence of the Levi-Civita tensor in 
(C.5) we can ignore such permutations. After that, we take the trace of the sum of all these 
permuted polynomials and drop their largest common factor. 
As an illustration let us give some examples: 

tr( s ) 1 1pabcdefg1ph<f> 2 } = ^[^abcdefg{lph4> 2 + <faPh<f> + </>V/i)}> 

tr( s ) { li>abcdll>efgh<t> 2 ~) = ^[^abcd{^efgh4> 2 + 4>^efgh<P + tf^efgh) } , 

In the first example, the 24 possible graded permutations of the monomial i> abode fgi>h§ 2 ] , after 
taking the trace over their sum lead to only 3 different monomials with the common factor 8 
which has to be dropped. In the same way one performs the symmetrized trace of the other 
examples. Notice, that in the second example one has to ignore the permutation of ip abc d and 
iftefgh m ^abcdipefgh^ 2 because it can be reversed through an antisymmetrization of their space 
indices. In the last example one even has to ignore all possible graded permutations. 

With that definition of the symmetrized trace the various factors in front of the monomials 
in (C.5) agree precisely with the number of permutations which are necessary in order to recast 
the symmetrized trace of these polynomials into a fully antisymmetized form. For example, in 
order to recast ipabcd.ipefgh'p 2 into a totally antisymmetrized form one has to perform 8!/4!4! = 70 
permutations, thereby taking into account that, owing to the presence of the Levi-Civita tensor, 
only the completely antisymmetrized part of ip a bcd an d ipefgh appears in (C.5). By taking the 
symmetrized trace of that polynomial this number is further reduced to 35 since, under that 
trace, one can permute ip a bcd and ipefgh thereby dividing the total number of permutations by 
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two. Hence, one has to perform only 35 permutations in accordance with the prefactor of that 
polynomial in (C.5). 

As a next step, owing to the Q-exactness of i/j a we can split off from each of the higher rank 
objects tp a b, i^abci • • • in (C.6) an Q-exact term by making use of the second relation (C.4), as a 
result of which one gets the following decompositions, 

i>ab = -QKb + Fab, (C7) 
Ipabc = QKbc - 3D a \ bc , 

Ipabcd = -QKbcd + ^F>a\cd - 3{A a6 , \ cd ], 
Ipabcde = QKbcde ~ 5D a X bcde + 10[A a ft, \ c de], 

4>abcdef = -QKbcdef + 6F>aX bc def + 10[X a bc, A<fe/] — 15{A a b, X c def}, 
^abedefg = QX a bcdefg ~ 7F> a X bc defg ~ 35[A a fe c , Xdefg] + 21[A a fe, Xcdefg], 

4>abcdefgh = -QXabcdefgh + 8D a Xb c defgh ~ 28{A a fo, X c defgh} + 56[X a bc, Xdefgh] ~ 35{A a fe C( i, X e f g h}, 

where 

A a 6 = QaAb, X abc = QaXbci X a bcd = QaXbcdi e tc (C8) 

Thereby, for the sake simplicity, we still have performed some replacements on the right-hand 
side of (C.7). For example, let us derive the decomposition of ip a bc, 

V>a = Qa(f> = QA a , 

^ab = Qa4>b = Qa{QA b ) = -Q{Q a A b ) + F ab = -QX ab + F ab , 

i'abc = Qa^bc = -Qa{QX bc - F hc ) = Q{Q a X bc ) — D a X bc — D{ c (Q a A b ]) =^ QX ab c ~ 3D a Xb c , 

where in the last relation we have replaced D[ c (Q a A b ]) = D c X ab — D b X ac through 2D a X bc since 
only the completely antisymmetric part of i\) a bc enters into (C.5). In exactly the same way one 
can derive iteratively all the other decompositions in (C.7). Notice, that the various factors 
in front of the different terms in (C.7) agree precisely with the number of permutations which 
must be performed in order to fully antisymmetrize these terms, thereby taking into account 
that after inserting the decompositions (C.7) into (C.5) only the fully antisymmetric part of X a b, 
X a bc, ■ ■ ■ contribute. 

We are now faced with the difficult problem to rewrite (C.5) in an Q-exact form. This 
is owing to the fact that after inserting the decompositions (C.7) into (C.5) one gets a huge 
number of symmetrized terms and, therefore, the computational effort in order to expose the 
gauge fermion is considerably. By making use of the first relation (C.4), after a straightforward 
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but lengthy algebraic computation for ^ ex t one obtains 

*cxt = ±e abcdef9h J (fx tr (s) [x abcdefgh 4? - 8\ abcde f g iph<t> 2 - 28X abcdef (QX gh - F gh )4> 2 (C.9) 
+ ^Kbcdef^g^h4> ~ 56X abcde (QX fgh - 3D f X gh )<fi 2 - 336X abcde 7pflp g 7p h 
+ l68X abcde 7p f (QX gh - F gh )4> - 35X abcd (QX efgh - 8D e X fgh + 6{A e/ , X gh })4> 2 
+ 280X abcd MQ^fgh ~ 3D f X gh )<f> + 420X abcd (QX ef - F ef )(QX gh - F gh )<f> 

- 84QX abcd ^ f {QX gh - F gh ) + 280A abc (QA de/ - 6D d X ef )(QX gh - F gh )cf> 

- 560X abc ^ d ^ e {QX fgh - QD f X gh ) - 1680A a6c V>d(<2A e/ - F ef )(QX gh - F gh ) 
+ 280A a6c [A de/ , X gh ]4> 2 + 840X abc i/j d {X ef , A 9/l }0 - 420A a6 {A C(J , X ef }F gh <t) 

+ 315A a 6{A c d, X e f}QX g h(f) - 630X ab QX cd QX e fQX g h - 560X abc ^ d D e Xf g h4> 
+ 1680X ab ^ c D d X ef QX gh - 8A0X ab ip c ip d {X ef , X gh } + 8A0X ab QX cd QX ef F gh 
+ 1680X ab D g X cd D h X ef <f> - 1260X ab QX cd F ef F gh - 2520X ab ^ c D d X ef F gh 
+ 2520X ab F cd F ef F gh }, 

which is the eight-dimensional extension of the gauge fermion \I>o of the Donaldson-Witten 
theory. 

Here, a remark is in order. In (C.5) the symmetrized trace was introduced for monomials 
consisting of exactly 4 factors Xj. After substituting for ip ab , ip a bc, ■ ■ ■ the decompositions (C.7) 
we introduce, besides the field strength F ab , also the covariant derivative D a and some graded 
commutators of the higher rank objects A a 5, X abc , ... as well as their Q-transforms. Thus, in 
order not to spoil the definition of the symmetrized trace, one has to view these new objects, 
in particular all the graded commutators of X ab , X abc , . . ., as single factors, i.e., new objects like 
Xil Let us still give some example of the correct use of the symmetrized trace in (C.9), 

tr( s )|[A ab , X cde ]X fgh <j) 2 } = tr|[A ab , X cde ](X fgh <j) 2 + 4>X fgh <j) + <p 2 X fgh )}, 
tr( s )|A abcrf {A e /, X gh }4> 2 } =tr{x abcd {X e f,X gh }(j) 2 + 4>{X e f,X gh }4> + (j) 2 {X e f,X gh } j, 
te(s){Kbi>c(D d X e f)QX gh } = tr|A a6 ^ c {D d X ef )QX gh + {QX gh )^ c D d X ef - (D d X ef )(QX gh )^ c 

- {D d X ef )ip c QX gh + ^c{QX gh )D d X e f - (QX gh )(D d X e f)tp^ }. 

In order to pick out from (C.9) all the terms belonging to the minimal sector, we have to 
evaluate the higher rank objects X ab , X abc , ... in (C.8) explicitly. By making use of (C.3) after 
a simple calculation one obtains 

Aafe = Xab j 

Kbc = <S> abc m D rn 0, 

Xabcd = -^abcd[V,4>] ~ $abc m [Xdm,4>}, 
Xabcde = -^abcd[F>e4>-, $\, 
Xabcdef = -5®abcd[[Xef,4>],<i>], 
Kbcdefg = -^abcd^efg m [[ D m<f>,<f>},4>}, 

Kbcdefgh = ^abcd®efghWl,4>],4>],4>] + ^abcd® e f g m [[[Xh m A]A]A], (CIO) 
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with 



QX a b = B a b, 

QKbc = ^abc" 1 ([V'm, 4>] + D m T]), 

QXabcd = -§abcd{[[4>,4>],4>] ~ {V,V}) ~ $abc m {[Bdm,4>} ~ {X<W?}), (C.ll) 

where we have carried out similar replacements as in (C.7) and omitted all the terms which do 
not contribute to (C.9) (remind that only the fully antisymmetric part of X a b, X a bc, ■ ■ ■ enters). 

Then, by inserting into (C.9) for X a b, X a bc, ■ ■ ■ the expressions (C.10) and (C.ll) and taking 
into account l|27j). together with the following basic identity |15j . 

$ $defm = 5 d 6 e S f + 3 $ [de 5 f] , 

after a tedious calculation we could express ^ e xt in terms of A a , ip a , Xab, V: < t > , 4> and B a b- In 
order to select from ^! ex t the terms belonging to the minimal sector, we rescale Xab, r l, 4> and 
B a b as well as ^ ex t with the gauge parameter £ and l/£, respectively. Then, by putting £ equal 
to zero, i.e., by choosing the Landau type gauge, ^ ex t considerably simplifies into 

^cxt = ±e abcdef9h J^d 8 xtT {s) [2520XabF cd F ef F ah - 1680A o6c ^ e /i^}- (C.12) 

Moreover, it is easily seen that the further evaluation of the right-hand side of (C.12) reveals 
precisely the expression (j!4j) we are looking for. 
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